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A family B of simple (that is, cycle-free) paths is a path decomposition of a 
tournament T if and only if B partitions the arcs of T. The path number of T, 
denoted pn(T), is the minimum value of I+’ 1 over all path decompositions 9 
of T. In this paper it is shown that if n is even, then there is a tournament on n 
vertices with path number k if and only if n/2 5 k S nS/4, k an integer. It is 
also shown that if n is odd and Tis a tournament on n vertices, then (n + 1)/2 S 
pn(T) $ (nP - 1)/4. Moreover, if k is an integer satisfying (i) (n + 1)/2 5 
k 5 n - 1 or (ii) n < k S (ns - 1)/4 and k is even, then a tournament on n 
vertices having path number k is constructed. It is conjectured that there are no 
tournaments of odd order n with odd path number k for n 5 k < (n* - 1)/4. 
In this paper a digruph is a directed graph with no multiple arcs or 
self-adjacent vertices, and a simple path in a digraph is a path containing 
no cycles. 
If G is a digraph, we say that a family of simple paths is a path decom- 
position of G if and only if B partitions the arcs of G. The path number 
of G, pn(G), is the minimum value of I 9’ 1 over all path decompositions 
9’ of G. It was shown in [l] that when G is a subgraph of a tournament on 
n vertices then pn(G) < I[&741 and every integer k in the interval 
[ 1, [n2/41] is the path number of some digraph on n vertices. We refer the 
reader to [l] for the background and bibliography of this problem. In 
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this paper we investigate which integers k are path numbers of 
tournaments. 
Let T be a tournament of order n. In Lemma 1 we show that 
pn(T) > [(n + 1)/21 and hence that 
U(n + I)/271 < PdT) < W/41. (1) 
It was shown in [I] that the upper bound is realized by the transitive 
tournament of order n and others. In Lemma 2 below we show that the 
lower bound is also best possible. In Theorem 1 we show that when n 
is even, then for each integer k in the interval [(n + 1)/2, n2/4] there is a 
tournament of order n and path number k. In Theorems 2 and 4 we show 
that when n > 3 is odd, then every even integer in [(n + 1)/2, (nz - I)/41 
and every odd integer in [(n + 1)/2, n - 21 are path numbers of tourna- 
ments of order n. 
We use the following notation: V(G) and A(G) denote the set of vertices 
and arcs, respectively, of G. For each pair of vertices v, w  we let (a, w) 
denote the arc from u to w. The out-degree of u is defined by 
ad(o) = I{w E V(G): (u, w) oA(G)}I, the in-degree of u is defined by 
id(u) = j{w E V(G): (w, u) E A(G)}/ and the degree of u is defined by 
dg(u) = ad(v) - id(u). If more than one digraph under consideration 
has V(G) for its vertex set we write dgc(u) to denote the degree of u relative 
to G. We call the quantity x(u) = max{O, dg(u)} the exce,s.s at u and we 
define the excess qfthe digruph G to be x(G) = C,,EV(c) x(u). It was shown 
in [l] that for any digraph G: 
x(G) G PW). 69 
It is usually difficult to determine pn(G) for a specific G, but x(G) is easily 
calculated. 
We frequently use (2) by exhibiting a path decomposition for G of 
cardinality k and then showing that x(G) = k too, in order to prove that 
G has k for its path number. Digraphs G for which equality holds in 
(2) will be called consistent. 
LEMMA 1. If T is any tournament of order n then pn(T) 3 [(n + 1)/2& 
ProoJ: Suppose B is a path decomposition of T and Z(p) denotes the 
length of the path p. We have l(p) < n - 1 for all p E 9 because each 
member of 9’ is a simple path. But 2 re8 I(p) = (2”) because B partitions 
A(T). Therefore 1 9 I > n/2 and hence pn(T) > [(n + 1)/21. 
We now define certain tournaments which are based on Lucas’ solution 
for the probEme de ronde [2]. If n = 2m + 1 let (0, 1,2,..., 2m) be the 
vertex set for the complete (undirected) graph K,, _ Partition the edges of 
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K, into m Hamiltonian circuits H, = [0, i + 1, i + 2, i + n - 1, i + 3, 
i + n - 2 ,..., i + m, i + m + 2, i + m + 1, 0] for 0 < i < m where the 
entries i + j are read modulo n - 1. Figure 1 illustrates this when m = 3. 
Each Hi determines two (directed) Hamiltonian cycles. If (0, i + 1) 
is in arc of the cycle we denote it by Ci ; the other cycle determined by 
Hi (the one in which (i + 1,0) is an arc) is denoted by --Cc . If for each 
0 < i < m, we choose either Ci or -Ci we then orient all the edges of 
K, producing a tournament which we call a Lucas tournament of order n. 
Each such tournament is uniquely determined by the m-tuple 
@o , 4 ,.‘., A,,+3 wherein Xi = 1 if Ci was chosen and hi = -1 if -Ci was 
chosen. We denote the corresponding tournament by L,(h, , A, ,..., A,-,). 
If n = 2m we define a Lucas tournament of order n to be the sub- 
tournament L,(& , A, ,..., A,) obtained from L = L,+,(h, , Al , . . . . A,) by 
deleting 0 and its adjacent arcs. This procedure deletes two successive arcs 
from each fCi in L producing a corresponding Hamiltonian path fh, 
in the subtournament. 
Each Lucas tournament of odd order is regular and each Lucas tour- 
nament of even order is almost regular. Thus x(7’) = 0 for all Lucas 
tournaments of odd order and x(T) = n/2 for all Lucas tournaments of 
even order. 
In the sequel we use the following notation. If p is a simple path of 
length 22 and c is either its first or last arc the path obtained by deleting 
c from p is denoted by p/c. It is also a simple path. If C is a simple cycle 
(i.e., C is the only cycle in C) and q is a simple path which is a subdigraph 
of C then C/q denotes the simple path obtained by deleting the arcs and 
intermediate vertices of q from C. 
LEMMA 2. For every n > 1 pn(L,(l, l,..., 1)) = [(n + 1)/2]. 
Proof. If n = 2m + 1 let pi+1 = C&i + 1, i + 2)for0 < i < m - 1, 
and let pm+1 = (1, 2, 3, 4 ,..., m, m + 1). It follows that {pi : 1 < i < 
m -/- 1) is a path decomposition of L, . If n = 2m then the family 
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iho , h, ,..., h,-,} of Hamiltonian paths defining L, is a path decomposition 
of L, . Whether II is odd or even we now have pn(L,) < [(n + 1)/2]. The 
lemma then follows from Lemma 1. 
LEMMA 3. Suppose G is a consistent digraph, (v, w) is an arc of G, 
dg,(v) < 0, and dgc(w) > 0. If H is the digraph obtained from G by 
reversing (v, w) then H is consistent and pn(H) = 2 + pn(G). 
Proqf We have dg,(v) = dg,(v) - 2, dg,(w) = dg,(w) + 2, and 
dgH(u) = dg,(u) for all other vertices U. Therefore x(H) = 2 + x(G). 
Since the reversal of one arc splits a path in a minimal path decomposition 
of G into at most three arc disjoint subpaths, we must have pn(H) < 
pn(G) + 2, but G is consistent, so pn(H) < x(G) + 2, that is, 
pn(H) < x(H) and hence pn(H) = x(H) by (2). Therefore His consistent 
and pn(H) = 2 + pn(G). 
For a given n we shall say that the integer k is realizable if there is a 
tournament T of order n having k for its path number. For example, we 
have seen so far that for each n > 1, the integers [(n + I)/21 and [n2/4j are 
realizable. 
LEMMA 4. Suppose T is a consistent tournament of order n whose path 
number is k and that V(T) = V+ u V-, where V+ contains all the vertices 
of positive degree, V- contains all the vertices of negative degree (V+ and 
V- may each contain vertices of degree zero), and V+ n V- = la. 
If z = 1 V+ / I V- 1 - k then z is even and each integer k + 2j is realizable 
for 0 < j < z/2. 
Proof. Let B be a minimal path decomposition of T. All members 
of B begin in V+ and end in V- because T is consistent. Of all the 
j V+ / 1 V- 1 arcs between V+ and V- there must be k more from V+ to V- 
than there are from V- to V+. If y denotes the number of arcs from V- 
to V+ then y + ( y + k) = I V+ I I V- I and hence z = 2y. By reversing 
each arc from V- to V+ one by one and applying Lemma 3, we obtain 
a sequence of consistent tournaments Tj having path number k + 2j 
foreachO,<j<y. 
THEOREM 1. If n is even then every integer k in the interval [n/2, $141 
is realizable. 
Proof. Let m = n/2, T = L,(l, l,..,, l), V+ = { 1, 2 ,..., m}, and 
V- = {m + 1, m + 2,..., 2m). We may assume m > 1. It is easily checked 
that x(i) = 1 for all i < m and x(i) = 0 for all i > m. Therefore x(T) = m 
but pn(T) = m by Lemma 2. Therefore T is consistent and hence each 
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integer m + 2i is realizable for 0 < j < m(m - 1)/2 by Lemma 4. Let 5’ 
be the tournament obtained from T by reversing the arc (m + 2, m + 1). 
Let B,, = {h,, h, ,..., h,} be the path decomposition of L2,n obtained in 
the proof of Lemma 2. We have dg,(m -k 1) = dg,(m + 2) = - 1, 
dg,(m + 1) = 1 and dg,(m + 2) = -3. Therefore x(S) = m + 1. But 
P2nZ - h,) u &,/(m + 2, m + 1)) u (m + 1, m + 2) is a path decom- 
position of S having m + 1 members. Therefore, S is consistent and 
its path number is m + 1. Let W+ = {I, 2 ,..., m, m + l} and 
W- = (m + 2,..., 2m) and apply Lemma 4 to show that m + 1, m + 3, 
m + 5,..., m2 - 1 are realizable. 
THEOREM 2. Zf n is odd then every even integer k in the interval 
[(n + 1)/2, n2/4] is realizable. 
Proof. Let m = (n - 1)/2. We may assume m 2 2. If m is odd, let 
T be the tournament obtained from L,(-I, 1, -1, I,..., -1, 1, -1) by 
reversing each of the (m + 1)/2 arcs: (2, l), (4, 3), (6, 5) ,..., (m + 1, m). 
We then have x(T) = 2(m + I)/2 = (n + 1)/2. The path q = (I,2 ,..., m. 
m + 1) is in T. This path meets each circuit Hi in precisely one edge of 
K, . Therefore the arcs in T which are not in q can be partitioned into m 
Hamihonian paths. and hence pn(T) < m + 1. Therefore pn(T) = 
x(T) = (n + 1)/2 by (2). If we let V+ = { 1, 3, 5 ,..., n - 2) and 
v- = (0, 2, 4 )...) n - I} then every even k in [(n + 1)/2, n2/4] is realizable 
by Lemma 4. 
If m > 2 is even, let T be the tournament obtained from L,(- 1, 1, - 1, 
1 ,*.*, -1, 1, - 1, -1, - 1, 1) by reversing arcs (2, I), (4,3) ,..., (m - 2, 
m - 3), (m - 1, 0), (m, m + 1). Then x(T) = 2(1 + m/2) = m + 2. Let 
p = (1, 2, 3 ,...) m - 2,0, m - 1) and q = (m + 1, m, m - 1). The path 
p of T meets the circuit Hi in exactly one edge ei of K, for 0 < i < m - 2. 
The path q meets H,,,-2 in precisely one edge f of K, and it meets Hmml 
in precisely one edge e,,,-, of K,, . Now enam and f are adjacent edges in 
H,,,-, , therefore, there is a path decomposition of T having m + 2 
members, namely: p, q; -C,/(i + 2, i + I) for even i < m - 4; 
-G-2l(m, m - LO); -C,J(m - 2,0) and C&i + 1, i + 2) for odd 
i # m - 3. Consequently, pn(T) < m + 2 and hence by (2), pn(T) = 
x(T)=m+2. If we let V+={O}u{i<2m:iodd, i#m-1) and 
V- be the remaining vertices then the result follows from Lemma 4. If 
n = 5 then the even integers in [(n + 1)/2, n2/4] consist of 4 and 6. The 
transitive tournament of order 5 is consistent and has path number 6 
so it remains to exhibit a consistent tournament of order 5 and path 
number 4. The tournament shown in Fig. 2 has x(T) = 4 and {(1,2), 
(3, 2), (3, 1, 4,0, 2), (1,0, 3, 4, 2)) is a path decomposition of T. Therefore 
pn(T) = x(T) = 4 by (2). This completes the proof of Theorem 2. 
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It is interesting to note that we obtained a bit more than we mentioned 
in the introduction because we have actually proven: 
THEOREM 3. (i) If n is even then every integer k in [(n + 1)/2, n2/4] 
is the path number of a consistent tournament of order n; and 
(ii) if n is odd then every even integer k in [(n + 1)/2, S/4] is the 
path number of a consistent tournament of order n. 
Since x(T) is even for all tournaments T of odd order, Theorem 3 is the 
best possible realizability theorem for consistent tournaments. 
Theorem 3(i) raises the question of whether there exist any inconsistant 
tournaments of even order. This is discussed at the end of our paper. 
THEOREM 4. If n > 3 is odd, then every odd integer in the interval 
[(n + 1)/2, n - 21 is realizable. 
Proof Because of Lemma 2 we need concern ourselves only with 
odd integers n - 2j in the interval [(n + 1)/2, n - 21 for which n - 2j > 
(n + 1)/2. Hence, we may assume n > 7 and n - 2j 3 (n + 1)/2 + 1. 
The latter implies that n > 4j + 3. Consider the Lucas tournament 
T’ = L,-,(l, 1, l,..., 1). Adjoin a vertex x to T’ where x is dominated 
by the vertices (n + 1)/2 + i for i = 0, l,..., 2j - 2 and x dominates all 
other vertices of T’. Call the resulting tournament T. Notice that 
ad(x) = n - 2j so that pn(T) 2 n - 2j. It now suffices to find n - 2j 
paths of T that partition A(T). 
Let s = (n + 1)/2. Augment hJ(s + 1 + i, s + i) by (s + i, x, i + 1) 
to form pt for 0 Q i < 2j - 2 and augment hi by (x, i + 1) to form pi 
for2j- 1 <i<s-2.Letp,-,=(x,s+2j- l,s+ 2j-2,...,s+ 1,s) 
and let pr=(x,2j+i) for s<i<n-2j-1, These n-2jsimple 
paths pi form a path decomposition of T and hence pn(T) = n - 2j. 
This completes the proof. 
Using Moon’s census of tournaments [3, pp. 91-921 and (2) above, it 
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can be verified that when n = 5 the only realizable numbers are 3, 4, 
and 6. We know of no tournament of odd order n having odd path number 
larger than n - 2. 
CONJECTURE 1. The only realizable numbers are those given in 
Theorems I, 2, and 4. 
In Lemma 2 it is shown that the path number of one of the Lucas 
tournaments of odd order n has path number (n + 1)/2. As a matter of 
fact, every regular tournament of order n = 3, 5, 7, or 9 has path number 
(n + 1w. 
CONJECTURE 2. If T is a regular tournament of order n, then 
pn(T) = (n + 1)/Z. 
The latter conjecture is related to Kelly’s conjecture [3, p. 71 that every 
regular tournament can be written as a union of arc disjoint Hamiltonian 
cycles. However, it may be easier than Kelly’s difficult conjecture. 
CONJECTURE 3. Every even order tournament is consistent. 
Kelly’s conjecture would be true if Conjecture 3 were true. 
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